Chuyén dé gia tri nho nhit va gii tri 16n nhit cia ham sé
§ 1. Co sé 1i thuyét
Pinh nghia 0.1.

Cho f(z) va mién D

a) M dugc goi 1a gid tri 16n nhat ctia ham s6 f(x) néu:
f(z) <M, ¥YreD
drge D, f(xg) =M

M = max f(x)

b) M dugc goi 1a gia tri 16n nhat ctia ham s6 f(x) néu:
f(z)>m, Vx e D
dzg € D, f(xg) =m

m = min f(z)

Vi du 0.1.

f(z) = sin(x) + cos(x) ta cb sin(x) < 1 va cos(z) < 1 suy ra f(x) = sin(z) + cos(z) < 2.
Nhung M # 2 vi sin(z), cos(z) khéng thé dong thoi bang 1.

Ta c6 sin(x) + cos(z) = V2 cos(z — Z) Do d6 M = /2 va dau ding thiic xay ra khi va chi
khi cos(z — Z) =1

Vi du 0.2.

x + z Z+x z x -+
+y + Y + + + Y

Cho z,y,z >0 va P =
Y+ z T Z+x Y Tty Z

. Hay tim gia tri

nhé nhat ctua P.

Ta cb
x y+z>2
y+z r
Y z-l—x22
Z+x a/_
Z +x y22
Tty Z

Tit d6 suy ra P > 6. Nhung m # 6 vi khéng c6 z,y, z ndo dé dang thic xay ra.
T y+z Y Z+T Z r+y
+ - - + -
y+z x Z+x Y Tty z

x z y+z z+x T4y
P = + + + + + +
y—i—z z—i—x r+y T Y z
x z T z z T
P:( + >+<+y>+<y+>+<+>
Y+ Z+:U r+y y oz z Yy r oz
T+ —|—z r+y+z xrH+y+z z z z
P:( , TIELITYVTE +<+y>+<y+>+<+>
y+z zZ+x r+y Yy z oy T oz
1 1 1 x z z T
P = ( x+y+z)< + + )—3+<+y>+<y+>+<+>
y+z z+x T+Y Yy x z oy r oz



1 1 1 1
pP—_
2((:1:+y)+(y-l—z)+(z+a:))<y+z+z+x+x+y>
x
—3+<+y>+<y+z>+(z+x)
Yy x z oy r oz
9 5 .
DodéPZ§—3—|—6:?.Déu”:”Xéyrakhivéchikhix:y:z.

Tinh chit 0.2.
Cho f(x) va mién D khi dé ta co:

max f(x) = —min{—f (2)}

zeD
min f(r) = —max{—f (2)}

Vi du 0.3.

Cho 2,y > 0,2 +y <6 va P = 2%y (4 — x —y). Hay tim min P.
Dit Q = —P =2 (x+y—4)
Di={zx+y<4}vaDy={4<z+y <6}

max @ =0 do z,y > 0. VaymmP—O

€D, €Dy
X+y—2
Q= 4§§y(x+y 4) < 4 — < 64, méaxQ = 64. Vay nng = —64. Tu d6 suy
x€Do x€D2
ra min P = —64
x€D

Tinh chéit 0.3.

Cho f(x) = fi(x) + fo(x) va mién D khi dé ta co:
max f () < max fi (z) + max f> (z)
min £ (x) = min fy () + min f (2)

Jzg € D, f1 (1?0) = max fi (), f2 (x0) = max fo () thi max f (z) = max fi (z) + max f> (z)

Vi du 0.4.

Cho f (z) = <cosz(x) - Cosi(x)y + (SinQ(x) + sz(x))z, T # k; Tim min f(x)).

f(z) = (cos4(x) + COS41($>> + <s1n4(:1:) + Smi(x)> + 4

f(z)= (cos4(x) + sin4(x)> + (cosi 2) + sl (z) +4
sin?(2)
fla) = (1 - SmQ(%)) + 16;1142235) +4
sin?(2)

f (@) =5+ fi(x) + fa(z).
Ta ¢6 min fi(z) = ~5 diu 7 = 7 x4y ra khi va chi khi sin?(2z) = 1, min fo(z) = 8, dau



” = 7 x4y ra khi va chi khi sin?(2z) = 1.
25
Vay min f(z) = 5 dau ” = ” x4y ra khi va chi khi sin?(2z) = 1.

Tinh chét 0.4.

= 2n+l 2n+1 i — on+1/Mi 2n+1
a) mgxf (x) «p/max f () b) mﬁnf (x) /min f (x)

Néu f(z) > 0 thi ta cé:

a) mgxf (x) = 2/ max f2n (x)  b) mgnf (x) = 2n/mgn f2n (x)

Vi du 0.5.

Cho f(z) = /1 +sin(z) + /1 4 cos(x)
Ta ¢6 f(z) > 0,Vx € R do dé:
f?(x) = 2 + (sin(x) + cos(z)) + 2\/1 + sin(z) + cos(z) + sin(z) cos(z)
(sin(z) + cos(z))* — 1
2

g(t):2+t+2\/1+t+ =2+t+V2[t+1].
min g(t) = 1, max g(t) = 4 + 2v/2 suy ra min f(z) = 1, max g(z) = /4 + 2/2.

§ 2. Phuong phap st dung bAt ding thitc Cosi cd ban

1 1 1 1 1
Cho a,b,c > 0 khi d6 (a + b) <+b> >4 va(a+b+c) <+b+> >9.
a c

a

Mat khéc sin(z) cos(z) = , dat ¢t = sin(z) + cos(z), [t| < V2.

2

Vi du 0.6.
x Y z
x+1+y+1+z+1

Choz,y,2>0,z+y+z=1va P= . Tim max P.
P_x+1—1 y+1—1+z+1—1

oz +1 y+1 z+1

P=3 1+1+1
B r+1 y+1 2z+1

1 1 1
1 1 1 >9
(z+1+y+ +Z+)<x+1+y+1+z+1>_
1 1 1 9
do doé > —
© O(az+1+y+1+z+1>_4
3 1
suyrapgz.maxP:lDéu”:”Xéyrakhivéchikhix:y:z:g.
Vi du 0.7.
1 1 1 1 1 1
Choz,y,2>0,—+—-+—-=4vaP= + + . Tim max P.
xr Yy z 2v4+y+z2 x+2y+z 20+y+2z

1 1 1 1
(x—l—y)<+> >4dodd—+->
x oy x oy
o IR
20 +y+ 2 2¢c  y+z) 4
1
il

1

4
1 1/1 1
<= <
r+2y+z " 4\2y z+4+x)

IA
+

IN




1 <1 1+ 1 <1 1+1 1+1
r+y+2z " 4\2z2 x+y) 4|22 4\x vy

1/1 1 1 . , Lo e 3
P<-|(—-4+—-—+-|=1.Dau”="xdyrakhivachikhiz=y=2=-.

4\ y =z 4
Vidu 0.8

2,2 2 ; 1 1 1 s :
Cho z,y,z>0,2"+y "+ 22 <3va P = + + . Hay tim min P.

l+zy 1+yz 142z

1 1 1
Ta cé (1 1 1 >9
aco(l+ay+1+yz+ +zx)<1+xy+1+yz+1+m>_
1 1 1 9 9

- + > =
l+azy 1+yz 14zx " 14+ay+l4+yz+14+20 3+ay+yz+zo
9 3 _.
P>6:§.Déu”:”Xéyrakhivéchikhix:y:z:1.
minP=§.
2
Vi du 0.9.
Chox,y,z>0,x2+y2+z2:3xyzvaP:1ix+1iy+1iz
1 1 1
Tacoi—i—i—i—i—?)vaP— T+ T+ T
yz  2x

L+o 1+ 14

bitu=,/—,v=,/"—,t=,/— ta viét lai gia thiét
\/ Yz’ \/ zx’ \/
1

Cho u,v,t > 0,u? +v?+t2=3va P = + + . Hay tim min P.
1+uv 1—f—vt 1+tu

Vi du 0.10.
. x? y? 1 o
Choz,y>0,x+y<lvaP= + + + 2 +y. Tim min P.
l—2z 11—y z+vy

2 2

x 1
P=1l+z+ Fl4y+-—L—+ —9

1—=x l—y x4y

1 1 1

P = + + -2

l—2 11—y x4y

1 1 1
EubU—x+1—y+x+w<1_m+1_y+$+y>29

9 5 . , 1
P2§—2 2Da ”Xéyrakhivéchikhix:y:§.
mlnP—§

2
Vi du 0.11.

3:1:—1+3y—1 3z —1
x2—1 y?—1
2(:(;—1)+:IJ+1+2(y—1)+y+1+2(z—1)+z+1

2 —1 y?2—1 22 -1
2 1 2 1 2 1

= + + + + +
z+1 z—-1 y+1 y—-1 2z+1 2-1

. Tim max P.

Choz,y,2>0,x4+y+z=1va P=




P 2 . 2 n 2 1 n 1 N 1
C\z 41l oy+1 241 l—2z 1—-y 1—-2
2 2

2 1 1 1
- ¥ ¥ -+t o)
2v4+y+z2 x+2y+z 4:c+y+2z r+y y+z z4+=x

+
. ) 1 1
Mat khac: + >
r+y y+z x+2y+z

1 1 4

+ >
y+z z4+z v+y+22
1 1 4

+ >
24+ 4y 204+y+=z

, 1 1 1 2 2 2
Do do: + + > + +

r+y y+z z4+x rz+2y+z TH+y+2z 121:—|—y+z
Suy ra P <0, Dau ” = Xayrakhlvachlkhlx—y—Z—g

§ 3. Phuong phap st dung truc tiép bAt ding thicc Cosi

Vidu 0.12.
1 1
1+ 1—|— 1+z

1ix_< _1+y> El 1+z>zliy+1jzz2¢ﬂ+y%1+d
“(1-

Cho x y,z>0, =2va P = xyz. Tim max P.

_l_

—_

_|_

1 1
1+y 142z

1 B 1
1+2z 1+:C

1+g: B \/(1+z)(1+x)

)_ x . U Ty
1+y) 142 14y~ \/(1+x)(1+y)

xYz
> 8
(1+x) (1+y)(1+t) (1+a2)(1+y)(1+1)
. 1
Pzg.Déu ”:”Xéyrakhivéchikhix:y:z:§.
1
Vay max P = 3
Vi du 0.13.

Cho z,y, 2 >0,z +y+z=1va P=r+yz+y+z2x+/z+ xy. Tim max P.
r+y+z=1lsuyraz+yz=a(x+y+2z2)+yz=(x+y)(r+2)
y+ze=yr+y+z)+ze=(y+2) (y+x)
z+ay=z@x+y+z)+ry=(z+z)(z2+y)

P:\/(x—l—y)(x—l—z)+\/(y+z)(y+x)+\/(z—l—x)(z+y)
2v+y+z2 x+2y+z xH+y+22
< + +

2 ] 2 2
khiz—y=2—-.
fr=y=2=g

=2(x+y+x) =1 Dau” = " xay ra khi va chi

Vi du 0.14.
T+ +z z2+x
Yy i Yy i

VIy+z Jyz+x  Jzrty

Choz,y,2>0,z+y+z=1va P= Tim min P.




1-— 1-— 1-— )
P = © ‘ + Y > 3. Dau ” = 7 xay ra khi va

\/(1—1’)(1—?;) Ja-9)(1-2) J1l-2)01-2)
chlkhlz):—y—Z—l

3
min P = 3.
Vi du 0.15.
Ch >0, z+vy+ a P ! + ! + L
0T,y 2 X 2z =xyz va P =
Y Y Y Vit VitP Vit
Pitu— o=t Folttu=1vA P v“ po vyt
atu=—,v=—,t=—suy ra uv +v u=1va P =
x Yy z o Vi+u2 V1402 1412

w?+1=(u+v)(u +t) v2+1:(v+t)(v—|—u) t2t—|—1:(t+u)(t+v)
P= u v

u+v) (u+t) v+t (v+u) t+u t+v)
3 (
pP= ¢ F F < 2. Diu ” = ” xéy ra khi vi chi khi
u+v u+t v+t v+u t+u\t+wv 2
1
u=v=t= tuong ung véi r = —2—
\/§ g ung Y
Vi du 0.16.
. 1 1
Chox,y>0,x+y:1vapzﬁ+7
2+ Yy Ty
:U3+y3—l—3xyzlsuyraP:x+y+xy+x+y+xy:4+ ry l’+y_
LL’3—|—y3 Ty I3—|—y3 Y

- 2v/3 -3 - 23 -3
\ 3 _ \ 3 |

2 2
£ 9 99 2 . ° . B \/33?) _|_ \/333

LY = hoac
) 9 )

v 2 Y 2
§ 4. Phuong phap thém bét hang t&
Vidu 0.17.
23 % .3
Cho z,y,z2 > 0,zyz=1va P = + +
Y Y I+ (1+2)  (+2)0+2)  (Q+z)(1+y)
3
x 1+y+1+z23x
(14+y)(1+2) 8 8
3
Y 142 142z
>3
l+a)(l+n) 8 T8 =¥
3 1 1
- Ty Y s,
(1+2z)(1+y) 8 8
i 11 3_ 15 _, . D v
Do d6 P Z(a:—}—y%—z)—ZZ?.Dau =7 xdy ra khi va chi khi z =y =z = 1.



Vi du 0.18.

3 y3

+ . Tim min P.
1+y 1+

Choz,y >0,zy=1va P =

3 14y
+

1+y 4

3 14+
R

1+:1:5 4

P21($+y)_

min P = 1.

_|_

Vv

= ool N w
=

Vv

+ Yy

>

D] WOPD | = DO

Dau ” = 7 x4y ra khi va chi khi z = y = 1.

Vi du 0.19.

3 yS z3

T
+ +
VIE+3 V2243 Vit +3

Cho z,y,2 > 0,2y +yz+ 20 >3 va P = . Tim min P.

IS xS 2

+ +
\/y23+3 \/y23+3
Y 4 Y
V22+3 V22 +3
Z3 23
+ +
Vat+3  Va?+3
P> 11(:1:2+y2+z2) —~
-8

<
_|_
w

o

vV
8

co

I
b
_|_
(%)
vV
DO W N W
o

<

[
oo

0| © oo +
AV
W

w

8
B

’ AV
O ol w

On

N

u 7 =" xay ra khi va chi khi z =y = 1.

Vi du 0.20.

xﬁ y6 26

+ + :
4y P43 B34l

Cho x,y,z > 0,2y /Ty + y2/yz + zx /20 = 1 va P = Tim

min P.
BétX:x?’,Y:y?’,Z:z?’ khi déX,Y,Z>O,\/XY+\/YZ+\/ZX:1
X2 Y2 A
P = + + .
X+Y Y+272 Z+X

. , 1
.Dau ” = 7 xay ra khi va chi khi X =Y = 7 = 3 tuong Ung

yz 4 zr n xy
wd(z+2y)  yPle+22)  2(y+22)

Cho z,y,z > 0,x +y+ 2z = 3xyz va P = Tim

min P.



X3 Y3 Z3

Dt X =
at Y127z ZioxX (X+tov

9X3

Y +2Z
9y’3
Z+2X

0z + X (X +2Y) > 622
X +2Y =

OP >6(X2+Y?24+22) = 3(XY +YZ+ZX)=6(X?+Y?+2%) —9>9 Diu " =" xdy
ra khivachikhi X =Y =Z=1tuongingr=y=2=1.

1 1 1
—Y=—Z=-suyraXY+YZ+ZX =3va P =
x Y z

+ X (Y +27)>6X?

+ X (Z+2X)>6Y?

min P = 1.

Vi du 0.22.

5 5 5
Cho x,y,z>0,xy+yz+zx:9vé]3:—3—|—y—3+z—3. Tim min P.
23

Y
5 2

x x
— tary >2—
v, p
y—3+y222yf

z z

2° 22

f3+zx22—

x x )
P22<x2+y2+z2)—(:L'y+yz+z:c):2(x2+y2+22)—929. Dau ” = 7 xdy ra khi va
chi khi z =y =2 =+/3.

min P = 9.
§ 5. Phuong phap thém bdt hing sb

Vi du 0.23.

3 ,
Chox,y,z>0,x+y+z:ZVéP:\?/3:+3y+\3/y+32+\“/z+3z. Tim max P.
r+3y+1+1 z+3y+2

vr+3y=+r+3y.11<

3 3
y+3z+1+1 y+32+2

Vy+3z=y+3211<

3 3
Vz+3r=+z+3r.1.1< crsrrlel z4dvy2

3 3
4 . 1
P<o(ety+2)+2=3 Diu” =" xiy rakhi va chi khi v =y =z = .
max P = 3.
Vi du 0.24.
Chor,y,2>0,x+y+z2=1vaP=y1—ao+/IT—y++1—2 Tim max P.
2 5
l—az+- - -—7
2 3_3
1-2)s< _
(1=2)3<— 2
1—y+ 0
2 -y 3 g—y
1—y) 2 < _
(I=y)3=— 2



2
1. \ o e 1
3 Dau”:”Xayrakhlvachlkhlx:y:z:g.

Vi du 0.25.

1
T

1 1
Cho z,y,z >0, v +y+2=3xyz va P = — + —. Tim min P.
3y e

1 1 1 .
2P23<+—|—)—38uyraP23. Dau”="xayrakhivachikhiz=y=2=1.
Ty Yz zx

Vi du 0.26.
Yz Yz Yz 3

=—vaP=
Jorners Jern@Eia

Cho z,y,z > 0 va 5
VE+y) (@+2) 4
+ . Tim min P.

ER

a

1

27 V2 (y+2) (2 +2)
3 23 1 3
v 1 yz

2

1

2

V2 J(z+ ) (x +y)
3 zx

3 Ty Yz 2T 3
2P > — + + - =
Jw+2)G+a) Je+a)(z+y) @ty ly+z)) 2
3
P>5.Dau”:”Xéyrakhivéchikhi:l::y:z:1.

Vi du 0.27.

Cho x,y>0,;€+g—|—%y=3V§1P=27x3+8y3. Tim min P.
3

€T 3
Yoy
8+ + _233
y3
Y 141>
TR

Y 3
244 41> "Z
g torT125%W



10

3 3
2(“-+y> 3(2+y+“w) 5

8 27 3 6
P > 432. Dau ” = ” x4y ra khi va chi khi = 2,y = 3.
min P = 432.

§ 6. Phuong phap dung bat ding thitc Cosi bing cich nhém sb hang
Vi du 0.28.
2 2 \ 1 1 IN .
Choz,y>0,z°+y " =1vaP=(1+z)(1+-|+(1+y) |1+ —]. Tim min P.
Yy x
1 r 1
P=24-—Fa+—+-—+y+"
y x

1 1
Nhémsait:P=2+<x+>+<y+>+<x+y>
Yy

x
1 1 1 1
Nhém diang: P=2+ (2 4+ — | + |y + — *+g + +
2x 2y 2 2y
1
pore o)l < (G2 ( 1)
2x
1 1
P>24+2V24+2+ — >4+3y2. Dau” =7 x4y ra khi va chi khi z =y = —.
VY V2
min P = 4 + 3v/2.
Vi du 0.29.
. 3 9 4 .
Chox,y,z>0,x+2y+3z2QOvaP:x+y+z+—+2—+f.TlmmmP.
x y oz
. . 3 9 4
Nhém sai: P=(z+— |+ |y+— |+ |2+ —
x 2y z
3 3 1 9 1 4 1 2 3
Nhém ding: P = (- - — - - - - z b
om dung <4x+x>-|—(2y+2y>+<4z+z>+<4x+4y+4z>
1 2 3 .
P:8+<4$+4y+4z> >=13. Dau ” = ” x4y ra khi va chi khi x =2,y =3,z = 4.
min P = 13.
Vi du 0.30.

3 1 1 1
Chox,y,z>0,x+y+z§5VéP=9:2+y2—|—z2—|——+—+—. Tim min P.
x 2

Y
P—Gﬂ+1+1>+< +1+1>+<£+1+1>+3C+J+1>
B 8r  8x Y 8 8y 8z 8z 4d\z y =z
9 9 27 1

P> .Déu ” =" x4y ra khi va chi khi x =y = 2 =

43/xyz 2
mmP— —
4
Vi du 0.31.
3 1 3
Choxy,z>0x+y+z-3xyzvaP——+ +—T1mm1nP

y?

1
Dit X = 2V =2 7yt X, Y. 2> 0.XY +YZ+2ZX =3
x Y z



11
P=3X?+Y*432

1 1
p— (2){2 + 2Y2> + (222 + Y2> + (X2 4+ ZQ)

2
P>2XY +2YZ+2ZX =6.
, val 21 V1
Dau 7 = 7 xay ra khi va chi khi X = 55,Y: : 5,Z: 55
min P = 6.

§ 7. Phuong phap st dung ki thuat ngugc diu trong bit diang thirc Cosi

Vi du 0.32.
Ch \ P Y ° __ Tim min P

ox,y,z2>0,xr+y+z=3va :1+y2+1+22+1+x2.Tlmmm i

2 2 2
Ty Yz 2 . :
P:az—1+y2+y—m+z—1+x2.T1mm1nP.
1 1

PZ(:1:+y+z)—§(xy+yz-|—zx):3—§(J:y+yz+z:)3)

9= (z4y+2)° =22+ + 22+ 2y +yz+22) > 3(xy + yz + 22)
Do d6 (zy +yz+ zx) <3

3 3
P23—§:§.Déu”:”Xéyrakhivéchikhix:y:z:1.
3
min P = —
2
Vi du 0.33.
1 1 3 Y3 23 t3
Ch t>0,—+—-—4+-4+-=2va P = . T
0 LYz Ty T TR Ty Ty T e Ty
min P.
a3 B xyz
$2+y2 $2+y2
Y o Y22
Y2 + 22 Y2 + 22
z 212
=z
22+t2 22_|_t2
t3 tx

- t— —
t2 + 22 t2 4 22

Po(oiytest)— [ v L A NS L ey
= (z z — —(x z
Y 24y Y2422 2242 2422) T2 4
. 1
P24.Dau”:”Xéyrakhivéchikhix:y:z:t:5.
min P = 4.
Vi du 0.34.
2 2 2
Chox,y,z>0,x+y+z:3vaP:x+2y3+y+2Z3—|—Z+2x3.T1mm1nP.
213 2923 2za3 xy? yz zad
P=ux— +y— t+tz——F3=3-2 + +
x + 2y3 Y y+ 223 z + 223 42y y+223 2+ 223

2
st—g(Wy+Wz+€/z_2x)



12

vy + vy +y > 3Valy
yz +yz + 2 > 39y2z ¢ osuy ra vValy + Vy?z + vVz22x < 3.
20+ zx +x > 3V 22

P>1.Dau” =" x4y ra khi va chi khi z =y = z = 1.
min P = 4.
Vi du 0.35.
Ch >0,z +y+ 3va P 1—|—1+1T\ in P
0x,Y,% x z=3va P = . Tim min P.
» Ys ) Y 1+3:.2 1+y2 1+z2
1 x? 1
=1- >1— -z
1+ 22 1+ 22 2
1 y? 1
=1- >1—=y
1+ g2 1+ g2 2
1 22 1
=1- >1— -z
1+ 22 5 §+z2 2
P23—§:§.Déu”:”Xéyrakhivachikhia::y:z:1.
minP:§.
2

§ 8. Phuong phap diung bit ding thiic Bunhiacopxki

Ly thuyét:
Cho 3 cip b6 hai s6 (a1;b1), (az; b2) , (as; bs3) suy ra (aiby + a2b2)2 < (a% + a%) (b% + b%)

* Dau ” = ” xdy ra khi va chi khi (ay; by) ~ (ag; ba).
Suy ra (ai1by + azby + agbs)® < (a% + a3 + a%) (b% + b3 + b%)
* Dau ” = 7 xdy ra khi va chi khi (a1; as; a3) ~ (b1; bo; b3)

Truong hgp riéng:

Cho 3 cip bd hai s6 (ag;b1), (ag;bs), (az;bs) va by, by, by > 0.
aj-kaj-kaj > (a1 + a2 + a3)°
b1 bg bg bl + b2 + b3

Vi du 0.36.

1 1 1

Cho z,y,2 > 0,zyz=1va P = + + . Tim min P.
1\° 11 1\?
P PR 1 3
& g U ——(a;y+yz+zx)2§.Déu”:”

<1>2 <1>2 Bly+2) Pl+a) B@+y)
z " )

Taly+2) yleta) z(rty) T 2(@ytyzter) 2
Xéyrakhzi))véchikhix:y:zzl.

min P = —.
2
Vi du 0.37.
3 % 53
Choz,y,z2>0,z+y+z2z=3va P= + +
y+z zZz+x TH+Y
23 Y 53 24 y A

. Tim min P.

P

= - + = + +
y+z z4zx x4y xzy+z2) ylz+z) z(@+y)
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2
1(a22+y2+z2) Lo o 203 (2.2, .2
P2§ S ——— Zi(x +y +z) 25.\/1 (x +y +=z Za:y+yz+zx).
Dau” =" xady ra khivachikhiz =y =z = 1.
min P = —.
2
Vi du 0.38.
s e 23 % 53
Cho z,y,2 > 0,2 +y "+ 2z*=3va P = + + . Tim
Y 4 r+2y+32 y+224+3x 2420+ 3y
min P. )
B 24 N y4 . A N <x2+y2—|—22)
(w429 +32)  yy+22:+37) z(z+22+3y) a2+ + 22 +5(ay+yz+ 2m)
32 9 1
P> > = Vi(22+y?+22>2y+yz+2zx).
“3+5(y+yz+zz) " 34+15 2 ( Y =y )
Dau” =" xdy rakhivachikhiz =y =z = 1.
min P = —.
2
§ 9. Phuong phap st dung bAt ding thitc cho trudc
Vi du 0.39.
2,2 2.2 2,.2
. Y Yy < Z°T .
Cho z,y,z > O,zyz = 1 va P = + + . Tim
Y Y v 2y Tyt P24y + 2T 22?4 2+t
max P.
Ta c6: (:1:3—3/3) <x4—y4)2()suy ra ' +y" > 23y3 (v + )
2yt + 2T +y" 2 2ty + 2%y (2 +y) = 2y 1+ oy (2 + )]
x> < 1 B 1
w22+ a7 +yT T ltay(r+y)  wy(z+y+2)
2.2
Yz < 1 B 1
222 +yT+27 T 1+yz(y+2) yr(z4y+z2)
2222 < 1 B 1
2024+ 27427 T 1+ zx(z4+2) zx(z+y+2)
1 1 1 . ,
P < - + = 1. Dau ” = 7 xay ra khi va chi khi
vy(r+y+z) yzlety+z) zw(@+y+z)
r=y=z=1.
max P = 1.
Vi du 0.40.

Cho z,y,2 € [0;2] ,x +y+2=3va P = 2%+ y? + 2% Tim max P.
Tacd: (2—z)2—y)(2—2) >0
= 8—4d(x+y+z)+2(xy+yz+zr)—2yz >0
— 8—124+2(ry+yz+zx) —2yz >0
<:>8—12+{(:U—|—y+z)2—(:1:2—|—y2+z2)}—:cyzZO
= H—-—P—-z2yz >0
= P <5—2yz <5. Dau” = 7 x4y ra khi va chi khi 1 s6 bang 0, mot sé bang 1 va mot
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s6 bang 2.

max P = 5.

Vi du 0.41.

Choz?+y?+22=1vaP=ayz+2(1+ax+y+2z+ay+yz+ zz). Tim min P.
Tt gid thiét 22 + 9% + 22 = 1 ta suy ra z;y; 2 € [—1;1]
Tudéotacd (x+1)(y+1)(z+1)>0

— l4+r+y+z+ary+yz+ze+zyz>0
Mit khac: (14+z4y+2)°>0

= lt+zrz+y+z+azyt+yz+z2z0>0
Vay P > 0. Dau bang sdy ra khi va chi khi ¢6 mot s6 bang —1 va hai s6 bang 0.
min P = 0.

Vi du 0.42.
£ Y

+ + . Tim max P.
14+yz 14zz 1422y

Cho z;y;z € [0;1] va P =

Dita vio nhan xét: Cho a,b,m > 0 va & < 1 khi d6 & < 25"
b b= bim

abm>0va o >1khids o> 2™

b b~ b+m

Taco: (1—2)(1—y)>0
— l+ay>x+y (1)
Tuong tu:
l4+yz>y+=2
l+ze>z2+=x

(2)
(3)
Ap dung nhén xét va (2)ta co:
x r+x 2x
< <
1+yz " 1+yz+2 ~ z4+y+=z
Ap dung nhén xét va (3)ta co:

y o _ Yty 2y
l+ze " 14zx4+y  x4+y+=
Ap dung nhén xét va (1)ta co:

PN + 2 < 2z

L+oy ~ 1+oy+z " x+y+z o o
Do d6 P < 2. Dau bang say ra khi va chi khi ¢c6 mot s6 bang 1 va hai so bang 0.

A\

max P = 2.
§ 10. Phuong phap chiéu bién thién ctia ham sb
A. Truc tiép dung chiéu bién thién ctia ham s6

Vi du 0.43.

Choz,y>0,x4+y=1va P= ‘ + i . Tim min P, max P.
l1+y 1+=
Ay +rty (x+y)2—2xy+x—|—y_2—2:l:y

ry+x+y+1 ry+r+y+1  24ay

Bien doi P =
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Bétt:xysuyraogtgi

Ta ¢6 P(t) = 22;2;,0 <t< i.

P'(t) = (2;675)2, suy ra P(t) nghich bién trén [O; ﬂ
Pmin:P<i) :;tUOngl’mgsL’zy:;

Pupax = P(0) =1 tuong tng z = 0,y = 1 hoac x = 1,y = 0.
Vi du 0.44.

Cho z € [0; 721 va P = sinz cos® z. Tim min P, max P.
Céch 1. Néu f(x) > 0 thi ta co:

a) mgxf (x) = fmax {2 (z) b) mgnf () = /mgn 2 (z)

P? = sinxcosbr = (1 — coszx) cosbx
Dit t = cos?z suy ra t € [0;1].
Ft)=t3(1—-1),te[0;1].

Ta c6 0 < F(t) <

= T%.
Céach 2. , , ,
P2 _ 2 6 — (1 ros? 62) — 97 (1 — cos? cos“x\ (cos“x\ [cos x
sin“rcos’x ( cos :U) (cos JJ) ( cos :1:) ( 3 3 3
2 2 2.\ 4
| — cogty 4 05T cosTX | cosTw N g
4 4 256
A 2 27 2 Z N 2 N ’ . o
Vay 0 < P= < 256 Pz, = 0. Dau bang say ra khi va chi khi cosz = 0 hodac cosz = 1,
27 s ‘ 3
P = 56" DAu bang sdy ra khi va chi khi cosz = £
3v3
min P = 0, max P = 1\2_

Vi du 0.45.

Cho z € R va f(x) = 1+ sinx + v/1 + cosz. Tim min f(z), max f(z).
Néu f(z) > 0 thi ta cé:

a) mgxf () = fmax f2 (z) b) mgnf (x) = /ml%n 2 (z)

Ta c6 f2(x) = 2 + sinx + cosz + 2v/1 + sinx + cosz + sinxcosx

vat e [—\/ﬁ; \/5]

2
Suy ra F(t) = 2+t+2\/1+t+t22_1 = 2+t+2\/t2+22t+1 = 2+t +V2[t+1],
te[-v2v2|.
B. Két hop chiéu bién thién va cdc bién ddi phu
Buéce 1:

bat t = sinx + cosx thi sinxcosx =
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— Bét dang thiic trung gian

— Bién doi dai sb
Suy ra bai todn mdi vé gid tri 16n nhat, gid tri nhé nhat.
Buée 2:

Giai bai toan mai.

Vi du 0.46.

Cho f(z) = V3 + 2+ 6 — 2 — V18 + 3z — 22. Tim min, max.
Diéu kién dé f(z) c6 nghia —3 <z <6
Datu=+v3+z++v6—=x
Suyra 9 <u?=9+2/(3+2)(6—2) <9+9

2
-9
Suyra3§u§3\/§vé\/l8+3x—x2:u 5
2
-9
SuyraF(u):u—u 5
1 9
:—§u2+u—|—§v(513§u§3\/§.

= 3_\/§

Suy ra min f (r) = min_ F(u) = F(3v2) . Dau bang xay ra khi va chi khi

[~3:6] [3:3v2] 2

3
u:3\/§<:>35:§
L — _3
max f () = max F (u) = F(3) = 3. Dau bang xay ra khi va chi khi u =3 < v
[—3:6] [3;3v/2] x=06
Vi du 0.47.
4 4 2 2
Choxe[1;2],y€[3;4]VéP:yf—F:i—yf—xf%—y—l—g,timmin,max.
o Ty 2 2 Ty

Ta cé: )
4 4 2 2
(L)
x Y Y
4 4 2 2
Y x y T
LA A T
EA i (E)
2 2 2\ 2
y2+2:<y+> —2
x Y r oy
v y ':U N 4 2 N 1 17
batt ==+ —thig(t) =t*—5bt°+t+4vate |—;—

r oy 6 4

1 1 2
(vitacot=2+2 dftu="thit=ut - véi - <u <)
xr Yy Y U 4 3
1083 _ ., . & rx y 13

min P = min t) = ——. Dau bang say ra khi va chi khi — 4+~ = — &

1317g() 1 g sdy , e =

6 4
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4249 y 13
max P = max t) = —-. DAu bang say ra khi va chi khl +— — &
1317g() G g sdy y 1
64
— 1y =
o x » Y
r=4dy=
Vi du 0.48.

3 1 1 1
Chox,y,z>0,x+y+z§5,P—:E+y+z+ + + . Tim min P.

, 1 1 1 ) 1
Taco (x+y+2z)[—+—-—+—-|>9vay +— -l >—
r Yy =z Z a:+y+z
SuyraP>x+y+ 2+ Gi0<z+y+=z <3
S hd
Y - Y rT+y+z Y -2
3 9
Détt:x+y+zthitacéo<t§Evég(t):t%—g
15 1
min P = mi§1 g(t) = 5 DAu bang say ra khi va chi khi z =y = 2 =g
0;—=
2
Vi du 0.49.

3 13 2 72
Choa,b > Oth(’)amén2(a2—l—62)+ab: (a+b) (ab—|—2)vaP—4<Z3 + b >+9 <a+22>'

Tim min P.

2(a2—l—bz)+ab:(a+b)(ab—|—2)
<:>1+2(a+2> (a+b)< 25) _(a+b)2/a_z=2\/§(£+ﬁ).

b
Dat u = b+“ suy ra 2u’v2u —3 >0
\/ a
V2

(@)

b
Dit ¢t = — + — thi F(t) = 4(t3=3t) + 9 (2 —2) = 4% + 91> — 12t — 18, ¢t > 0. Vi

23
min P = F(t) = = Dau bang sdy ra khi va chi khi a = 2,b =1 hodc a = 1,b = 2.

t>3
Vi du 0.50.
x z
+ v +
2:1:+3y y+z z4w

. 1 1
Nhéan xét: Neu a,b > 0,ab > 1 thi +
' 1+a 1+b 14+ Vab
a = b hoac ab = 1.

Chox > y,x > z,x,y,z € [1;4] v P = . Tim min P.

. D4u bang say ra khi va chi khi



18

x )
= + +
2x+3y y+z z4x
1

1 1 1 2 . <
P = + + > + (dau bang say ra khi va chi khi \/yz =z
2432 142 1427243 H\/f

x Y z x y

hoac = = y)
2 1 2 t?

Dat t = gthiPz + = - ,te[1;2].

y 1+t 2+§ 1+t 3+ 2t2

t2
2 t?

Xét ham s6 F(t) =

= ,te(l;2
1+t+3+2t2 12



